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Abstract
The extensions of the Standard Model based on the SU(3)c × SU(3)L × U(1)X gauge
group (331-models) have been advocated to explain the number of fermion families in
nature. It has been recently shown that the Froggatt-Nielsen mechanism, a popular
way to explain the mass hierarchy of the charged fermions, can be incorporated into the
331-setting in an economical fashion (FN331). In this work we extend the FN331-model
to include three right-handed neutrino singlets. We show that the seesaw mechanism is
realized in this model. The scale of the seesaw mechanism is near the SU(3)L×U(1)X -
breaking scale. The model we present here simultaneously explains the mass hierarchy
of all the fermions, including neutrinos, and the number of families.
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1 Introduction
After the discovery of the Higgs boson at the Large Hadron Collider, the last elementary
particle predicted by the Standard Model (SM) has been confirmed. Today, particle physics
has moved on to a new era, where we attempt to answer the problems plagueing the SM
with economical extensions. The problems include number of generations, nonzero neutrino
mass, neutrino mixing and fermion mass hierarchies.
In Nature three generations of quarks and leptons have been observed. Number of neu-
trino flavours is 2.984± 0.008 [1]-[7], which is a statistical fit to SM using LEP data. This is
a strong indication for exactly three generations of matter, which, however, is not imposed
by SM itself. We know from neutrino oscillation experiments that at least two of the three
SM neutrinos are massive, with masses less than 0.1 eV and the sum of their masses is less
than 0.12 eV from cosmological constraints by the PLANCK experiment. Neutrino masses
are not included in the Standard Model, and they are six orders of magnitude lighter than
the next lightest massive particle, electron, and twelve orders of magnitudes lighter than the
heaviest particle, top quark. This huge range of different masses gives birth to the flavour
problem.
Extensions of the Standard Model based on the SU(3)c × SU(3)L × U(1)X gauge group
(331-models) have been proposed in the literature to explain the number of fermion families in
Nature. In the traditional 331-models [8]-[21] the gauge anomalies cancel only if the number
of fermion familes is three. The SU(3)c×SU(3)L×U(1)X gauge group contains one additional
diagonal generator compared to the SM-gauge group SU(3)c×SU(2)L×U(1)Y . This means
that the electric charge can be defined in multiple different ways in the 331-models:
Q = T3 + βT8 +X, (1)
where the parameter β defines the particle content of the model. The models with β = ±√3
[8]-[12] and β = ±1/√3 [13]-[21] are extensively studied in the literature. The models with
β = ±√3 contain particles with exotic electric charges such as doubly charged scalars and
gauge bosons. They also contain a very large scalar sector, composed of three SU(3)L-triplets
and an SU(3)L-sextet. The models based on the β = ±1/
√
3 on the other hand have simpler
scalar sector, composed from only three SU(3)L-triplets. The models based on β = ±1/
√
3
do not contain particles with exotic electric charges. Also the models with β = 0 have been
studied [22].
Even though the 331-models can shed light on the number of fermion familes, the fermion
mass hierarchy is left unexplained in the traditional models. Recently it was shown that the
Froggatt-Nielsen mechanism [23] can be incorporated into the 331-models with β = ±1√3
without extending the scalar sector [24, 25]. The Froggatt-Nielsen mechanism (FN) is a well
established method to explain the mass hierarchy of the fermions, and a 331-model with
incorporated FN-mechanism (FN331) can therefore simultaneously explain both the number
of fermion families and the mass hierarchy of the charged fermions. The neutrino masses and
mixings are not naturally explained in FN331-model, however. The neutrino mass matrix is
1
antisymmetric in the FN331-model and therefore one of the neutrinos is massless and the two
other mass degenerate at tree-level. Loop corrections are needed to lift the one eigenvalue
from zero and to break the degeneracy of the other two [14]. This neutrino sector is identical
to the one presented in [13]-[21].
Our aim is to extend the neutrino sector to make it natural and explain the neutrino
masses and mixings without fine-tuning at tree-level. We propose an extension of the FN331-
model where we add three right-handed neutrino singlets to the model. This allows the
tree-level masses for all the neutrinos and implementation of seesaw mechanism [26]-[31] for
the neutrino sector. Here the seesaw is combined with the FN-mechanism, which allows the
seesaw scale to be low thanks to suppression in the neutrino Yukawa couplings due to the
FN-mechanism. The seesaw scale is essentially the same as the SU(3)L × U(1)X-breaking
scale. We study as low SU(3)L × U(1)X-breaking scale as possible. The SU(3)L × U(1)X-
breaking scale can be as low as 5 TeV as was demonstrated in [25]. We aim to generate
singlet neutrinos at medium-energy scale and sterile neutrinos at TeV scale, utilizing seesaw
mechanism. By medium-energy we refer to a mass scale between the active neutrinos and
mass of electron. We will present the lowest possible SU(3)L×U(1)X breaking scale consistent
with experimental data, which turns out to be approximately 5 TeV.
The hierachical structure of the neutrino Yukawa couplings is determined by the FN-
mechanism. The hierarchy of the neutrino Yukawa couplings can be arranged so that the
neutrino mixings are generated without fine-tuning. All the PMNS-matrix elements are
experimentally known to be order-one-numbers. This kind of pattern of mixing can be
achieved in FN-setting by assigning all the FN-charges of the left-handed leptons to be
equal. We show that the correct sub-eV neutrino masses, mass square differences and mixing
angles are produced within experimental limits.
The paper is structured as follows. We present the particle content of the model in Section
2. In Section 3 we review the Froggatt-Nielsen mechanism in the 331-setting, the FN331-
model. In Sections 4 to 7 we study the lepton mass matrices and mixings and finally in the
Section 8 we present numerical example for the neutrino masses and mixings.
2 Particle content
We propose a model where the gauge group of the Standard Model is extended to SU(3)C ×
SU(3)L × U(1)X . We define the electric charge as1:
Q = T3 − 1√
3
T8 +X, (2)
where the T3 and T8 are the diagonal SU(3)L generators. We also introduce global U(1)FN -
symmetry, under which fermions and some of the scalars are charged.
1The choice β = + 1√
3
would result in essentially a same model.
2
2.1 Fermion representations
Let us now write down the fermion representations. The left-handed leptons are assigned to
SU(3)L -triplets and the right-handed leptons are assigned to SU(3)L-singlets:
LL,i =
 νiei
ν ′i

L
∼ (1, 3,−1
3
), i = 1, 2, 3, (3)
eR,i ∼ (1, 1,−1), NR,i ∼ (1, 1, 0). (4)
The numbers in the parantheses label the transformation propeties under the gauge group
SU(3)c × SU(3)L × U(1)X . The ν ′L,i and NR,i are new leptons with electric charges 0. The
three right-handed neutrinos NR,i are not present in the model studied in [24, 25] and they
allow the tree-level masses for all the neutrinos.
The cancellation of anomalies requires the number of fermion triplets to be the same as
antitriplets. This is achieved by assigning two quark families to SU(3)L antitriplets and one
family to a triplet. We choose to assign first quark generations into triplet and the second
and the third into an antitriplet:
QL,1 =
 u1d1
U

L
∼ (3, 3, 1
3
), (5)
QL,2 =
 d2−u2
D1

L
, QL,3 =
 d3−u3
D2

L
∼ (3, 3∗, 0), (6)
uR,i ∼ (3, 1, 2
3
), UR ∼ (3, 1, 2
3
), (7)
dR,i ∼ (3, 1,−1
3
), DR,1 ∼ (3, 1,−1
3
), DR,2 ∼ (3, 1,−1
3
), i = 1, 2, 3. (8)
We have introduced new quarks D1 and D2 with electric charge −1/3 and U with electric
charge 2/3, which will mix with the SM quarks. All the fermions are also charged under the
global Froggatt-Nielsen U(1)FN symmetry. This will be discussed in detail in the dedicated
Section 3.
When we take into account the colour, there are six fermion triplets and six antriplets,
ensuring the cancellation of pure SU(3)L-anomaly. All the gauge anomalies will cancel with
this particle content. The anomaly cancellation forces one quark generation to be placed in
a different representation than the other two. The unequal treatment of quark generations
inevitably leads to scalar mediated flavour changing neutral currents (FCNC) at tree-level,
which is a feature plaguing the traditional 331-models [8]-[21]. It was however recently
shown that tree-level scalar mediated FCNCs of quarks are suppressed in the FN331-model
3
[25]. This is in contrast to the traditional 331-models, which offer no natural suppression
mechanism for the tree-level scalar mediated FCNCs.
2.2 Scalar sector
The 331-models with β = − 1√
3
contain only two types of scalar triplets with neutral entries:
X = 2/3 and X = −1/3. One must include at least two X = −1/3 triplets with X = −1/3
and one triplet with X = 2/3 in order to generate the masses for all the charged fermions at
tree level. We choose to have this minimal scalar sector:
η =
 η+η0
η′+
 ∼ (1, 3, 2
3
), ρ =
 ρ0ρ−
ρ′0
 ∼ (1, 3,−1
3
), (9)
χ =
 χ0χ−
χ′0
 ∼ (1, 3,−1
3
).
All the neutral fields can in general develop a nonzero vacuum expectation value (VEV).
The minima are related to each other by SU(3)L rotation. We choose to rotate one of the
X = −1/3 triplet VEVs so that the upper component VEV goes to zero. This rotation will
leave the rest of the VEVs general. So we have vacuum structure:
〈η〉 = 1√
2
 0v′
0
 , 〈ρ〉 = 1√
2
 v10
v2
 , 〈χ〉 = 1√
2
 00
u
 . (10)
The VEVs v2 and u break the SU(3)L-symmetry, and we assume them to be: v2, u & O(TeV).
The VEVs v′ and v1 break the SU(2)L symmetry and we take them to be of the order of the
electroweak scale.
The scalar triplets in Eq. (9) are charged under the global symmery U(1)FN with the
charge assignment presented in the Table 1. Note that since the scalar triplets ρ and χ are in
the same representation, the combination ρ†χ is gauge invariant. Also according to Eq. (10)
and the Table 1, the gauge invariant combination ρ†χ carries a non-zero FN-charge and has a
non-zero VEV. Therefore the ρ†χ-combination can play the role of the flavon in the Froggatt-
Nielsen mechanism, as was demonstrated in [24, 25]. The Froggatt-Nielsen mechanism can
thus be implemented without introducing new scalar degrees of freedom into the model.
The scalar potential is greatly simplified due to inclusion of global U(1)FN -symmetry.
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Particle η ρ χ
FN-charge −1 1 0
Table 1: The FN U(1) charges of the scalars.
The most general U(1)FN -symmetric scalar potential is,
VFN = µ
2
1η
†η + µ22ρ
†ρ+ µ23χ
†χ+ λ1(η†η)2 + λ2(ρ†ρ)2 + λ3(χ†χ)2 (11)
+λ12(η
†η)(ρ†ρ) + λ13(η†η)(χ†χ) + λ23(ρ†ρ)(χ†χ)
+λ˜12(η
†ρ)(ρ†η) + λ˜13(η†χ)(χ†η) + λ˜23(ρ†χ)(χ†ρ)
+
√
2f(ijkη
iρjχk + h.c.).
However the global U(1)FN -symmetry is spontaneously broken by the scalar field VEVs. This
leaves one Golstone boson to the physical spectrum. In order to give it a mass we add the
following soft FN-breaking term to the potential:
Vsoft = b(ρ
†χ) + h.c. (12)
All the complex phases in the scalar potential can be absorbed into the fields and therefore
all the parameters in the scalar potential are real. The real and imaginary parts of the scalars
will therefore not mix. We choose the parameter f to be comparable to the SU(3)L×U(1)X-
breaking scale. The soft-breaking term is also chosen to be large, b ∼ −(vheavy)2, in order to
decouple the pseudo-Goldstone boson in the low energies.
The scalar sector has five CP-even, five CP-odd and four charged scalars. One CP-
even, three CP-odd and two charged scalars are massless would-be-Goldstone bosons that
are absorbed by the gauge bosons of the model, namely the Z, W± of the SM, new heavy
charged gauge boson V ±, new heavy neutral gauge boson Z ′ and a non-hermitian heavy
neutral gauge boson X0. Thus there are four CP-even, two CP-odd and two charged scalars
left in the physical spectrum. All the physical scalars, except the 125 GeV scalar, have their
masses around the SU(3)L × U(1)X-breaking scale and they are very heavy. The details of
the scalar mass matrices are provided in the Appendix A.
2.3 Gauge sector
As previously mentioned the gauge sector of 331-model is enlarged compared to the SM. The
331-models will contain five additional gauge bosons compared to the SM. The covariant
derivative for SU(3)L triplet is:
Dµ = ∂µ − ig3
8∑
a=1
TaWaµ − igxXBµ,
5
where g3 and gx are the SU(3)L and U(1)X gauge couplings respectively. The Ta = λa/2 are
the SU(3)L generators, where λa are the Gell-Mann matrices. The SU(3)L gauge bosons are,
8∑
a=1
TaWaµ =
1√
2

1√
2
W3µ +
1√
6
W8µ W
′+
µ X
′0
µ
W ′−µ − 1√2W3µ + 1√6W8µ V ′
−
µ
X ′0∗µ V
′+
µ − 2√6W8µ
 ,
where we have denoted,
W ′±µ =
1√
2
(W1µ ∓ iW2µ),
V ′∓µ =
1√
2
(W6µ ∓ iW7µ),
X ′0µ =
1√
2
(W4µ − iW5µ).
The fields W3µ, W8µ, Bµ and W4µ will form neutral mass eigenstates: photon, Z-boson and
new heavy gauge bosons Z ′ and W˜4µ. The field W5µ does not mix with the other neutral
gauge bosons and is a mass eigenstate, with same mass as W˜4µ. These fields are identified as
a physical neutral non-hermitian gauge boson X0µ ≡ 1√2(W˜4µ − iW5µ). Details of the neutral
gauge boson masses are given in the Appendix B. The off-diagonal gauge bosons W ′±µ and
V ′±µ will form the SM gauge bosons W
±
µ and the heavy new gauge bosons V
±
µ .
2.3.1 Charged gauge bosons
The mass term for the charged gauge bosons is given by,
L ⊃ Y TM2chargedY, (13)
where Y T = (W ′+µ , V
′+
µ ) and,
M2charged =
(
g23
4
(v′2 + v21)
g23v1v2
4
g23v1v2
4
g23
4
(v′2 + v22 + u
2)
)
, (14)
is the charged gauge boson mass matrix. The eigenvalues of the matrix are,
m2W± =
g23
4
(v′2 +
v21u
2
v22 + u
2
) +O
(
v2light
v2heavy
)
, (15)
m2V ± =
g23
4
(v22 + u
2) +O
(
v2light
v2heavy
)
,
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where vheavy = v2, u and vlight = v1, v
′. According to Eq. (15) the SM Higgs VEV is related
to the triplet VEVs through the relation
v′2 +
v21u
2
v22 + u
2
+O
(
v2light
v2heavy
)
= (vsm)
2, (16)
where vsm = 246 GeV.
The mass eigenstates are defined as{
W+µ = cos θ W
′+
µ + sin θ V
′+
µ
V +µ = − sin θ W ′+µ + cos θ V ′+µ
, (17)
where the mixing angle θ is defined as:
tan 2θ = − 2v1v2
v22 + u
2 − v21
. (18)
The mixing angle between W±µ and V
±
µ is tiny, θ ∼ vlightvheavy , due to large difference between the
SU(3)L × U(1)X and SU(2)L × U(1)Y -breaking VEVs. The SM gauge boson W±µ is almost
totally W ′±µ and V
±
µ is mostly V
′±
µ . The experimental bound for the mixing is |θ| . O(10−2)
[1], and has been taken into account in our numerical analysis (Section 8).
3 The Yukawa sector and the Froggatt-Nielsen mecha-
nism in the 331-framework
Next we study the Yukawa sector of the model. We are employing the Froggatt-Nielsen
mechanism to generate the hierarchical structure of the fermion Yukawa couplings. The
original Froggatt-Nielsen model extends the Standard Model with a flavour symmetry (FN
symmetry), whose symmetry group in the simplest case is global or local U(1) or a discrete
ZN symmetry. The FN-framework introduces a new complex scalar field, the flavon, which
is a singlet under standard model gauge group SU(3)C×SU(2)L×U(1)Y . The SM fermions,
the SM Higgs and the flavon are charged under the FN symmery. The key property of the
FN-symmetry is to forbid the SM Yukawa couplings, save perhaps the top quark. The SM
Yukawa couplings are generated as effective couplings instead.
The FN mechanism can be economically incorporated into a 331-model. The scalar sector
we have introduced in section 2.2 contains the neccesary incredients to house Froggatt-Nielsen
mechanism, as was demonstrated in [24, 25]. The addition of complex scalar field to act as
a flavon is thus unneccesary. Here a gauge singlet combination, ρ†χ, will act as the flavon
instead of single complex scalar field. The effective flavon, ρ†χ, obtains a nonzero vacuum
expectation value, 〈ρ†χ〉 = (v2u)/2, as can be seen from the Eq. (10).
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The effective operator that generates the Yukawa couplings of the charged fermions is2:
L ⊃ (cfs )ij
(
ρ†χ
Λ2
)(nsf )ij
ψ¯fL,iSfR,j + h.c., (19)
where (cfs )ij is a dimensionless order-one number, Λ is the scale of the new physics, S denotes
any of the three scalar triplets η, ρ or χ. The ψ¯fL,i and fR,j represent here the fermion triplets,
antitriplets and singlets that were introduced in section 2.1. The power (nsf )ij is positive
integer number3 and determined by the FN charge conservation (see Table 2):
(nsf )ij =
[
q(ψ¯fL,i) + q(fR,j) + q(S)
]
. (20)
Particle (ψfL,i)
c fR,i S
FN charge q(ψ¯fL,i) q(fR,j) qS
Table 2: The FN charges of fermions and the scalar fields.
The usual 331-model Yukawa terms are generated as effective couplings when the scalar
triplets ρ and χ acquire VEVs:
(cfs )ij
(
(ρ+ 〈ρ〉)†(χ+ 〈χ〉)
Λ2
)(nsf )ij
ψ¯fL,i(S + 〈S〉)fR,j + h.c. (21)
= (yfs )ijψ¯
f
L,i(S + 〈S〉)fR,j + (nsf )ij(yfs )ij
[
ρ′0∗
v2
+
χ′0
u
+
v1χ
0
v2u
]√
2ψ¯fL,i〈S〉fR,j + h.c.+ · · · ,
where only the renormalizable contributions are kept. The first term in Eq. (21) gives the
usual Yukawa terms of the model, as in the original FN model. The Yukawa coupling is now
defined as:
(yfs )ij = (c
f
s )ij
( v2u
2Λ2
)(nsf )ij ≡ (cfs )ij(nsf )ij . (22)
Hierarchical Yukawa couplings are produced by assuming that  = (v2u)/(2Λ
2) < 1. The
FN-charges of the SM fermions determine the power (nfs )ij and therefore the amount of sup-
pression each Yukawa coupling obtains. One can obtain the observed fermion mass hierarchy
by assigning larger FN charges to the lighter fermions compared to the heavier ones. This
is in contrast to the Standard Model where the hierarchy is obtained only by fine-tuning the
couplings themselves.
2The effective operator that generates the neutrino Yukawa couplings is presented later in Eq. (28).
3If (nsf )ij were negative, we would have to include operator (c
f
s )ij
(
χ†ρ
Λ2
)−(nsf )ij
ψ¯fL,iSfR,j + h.c.
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The second term in Eq. (21) is not proportional to the Yukawa matrix and is therefore
flavour violating. This flavour violating part is suppressed by the scale of the SU(3)L×U(1)X-
breaking. We assume that the SU(3)L × U(1)X-breaking scale vscale is & 5 TeV, which was
shown in the [25] to be the lowest scale the quark FCNCs are safely suppressed. We will
safely ignore the flavour violating contributions as they are heavily suppressed.
4 Charged lepton Yukawa couplings and masses
Charged lepton Yukawa couplings are:
Llepton = yeijL¯L,iηeR,j + lijyeij e¯L,ieR,j
[
v′
v2
ρ′0∗ +
v′
u
χ′0 +
v′v1
v2u
χ0
]
+ h.c., (23)
where i, j = 1, 2, 3. The first term is the traditional 331 Yukawa term for the charged leptons
whereas the second term is the additional Yukawa interaction term due to the FN-mechanism.
As stated earlier, this additional term is suppressed by the vheavy and we will ignore it in the
following. The charged lepton Yukawa matrix is given as follows:
yeij = c
e
ij
q(L¯L,i)+q(eR,j)+q(η) ≡ ceijlij . (24)
We will specify the FN-charges we use later in section 8, when we study numerical examples.
The charged leptons acquire masses as the scalar triplet η obtains a VEV:
L ⊃ yeijL¯L,i〈η〉eR,j + h.c. = meij e¯L,ieR,j + h.c., (25)
where the charged lepton mass matrix is,
meij = y
e
ij
v′√
2
. (26)
The charged lepton mass matrix is diagonalized as:
U eLm
eU e†R = m
e
diag. (27)
The charged lepton mass matrix proportional to the Yukawa matrix will be diagonalized
simultaneously with the Yukawa coupling. Therefore there will be no flavour changing cou-
plings in the standard Yukawa couplings. The only flavour violation to the charged leptons
is coming from the Froggatt-Nielsen mechanism which is however suppressed.
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5 Neutrino mass matrix
The neutrino Yukawa couplings originate from effective operators of two types. The first
type was already presented in Eq. (19) and the operator of the second kind is:
L ⊃ (cNη∗)ij
(
ρ†χ
Λ2
)(nη∗N )ij
αβγL¯
α
L,i(L
c
L,j)
β(η∗)γ + h.c. (28)
The operators in Eqs. (19) and (28) produce the following Yukawa couplings for neutrinos:
Lneutrino = eijαβγL¯αL,i(LcL,j)β(η∗)γ + yNij L¯L,iρNR,j + y′Nij L¯L,iχNR,j
+
{
(nη
∗
N )ijeijαβγL¯
α
L,i(L
c
L,j)
β〈η∗〉γ + nijyNij L¯′L,i〈ρ〉N ′R,j + n′ijy′Nij L¯′L,i〈χ〉N ′R,j
}
×
×
√
2
[
ρ′0∗
v2
+
χ′0
u
+
v1
v2u
χ0
]
+ h.c., (29)
where i, j = 1, 2, 3 and the Yukawa couplings are,
yNij = c
N
ij 
q(L¯L,i)+q(NR,j)+q(ρ) = cNij 
nij ,
y′Nij = c
′N
ij 
q(L¯L,i)+q(NR,j)+q(χ) = c′Nij 
n′ij , (30)
eij = (c
N
η∗)ij
q(LcL,i)+q(L
c
L,j)+q(η
∗) = (cNη∗)ij
(nη
∗
N )ij .
The Yukawa coupling eij is antisymmetric: eij = −eji, due to presence of the antisymmetric
tensor αβγ in the Eq. (29).
The first line in (29) contains the standard Yukawa interactions for the neutrinos and
the two last lines contain the additional Yukawa interactions originating from the Froggatt-
Nielsen mechanism, which we will ignore due to them being suppressed.
The neutrino masses will be generated by the Yukawa terms in the first line of Eq. (29) as
the scalars obtain VEVs. The right-handed neutrino singlet NR,i will also have a Majorana
mass term which is generated by the following operator,
L ⊃M0cMij
(
ρ†χ
Λ2
)q(NR,i)+q(NR,j)
(NR,j)cNR,j + h.c., (31)
where the mass scale M0 is in principle a free parameter. We choose the mass scale to be
same as the FN-messengers, in order not to introduce new mass scales into the model. The
Majorana mass term becomes,
LMajorana = 1
2
Mij(NR,j)cNR,j + h.c., (32)
where the Majorana mass matrix is,
Mij = Λc
M
ij 
q(NR,i)+q(NR,j). (33)
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The messenger scale is related to the SU(3)L × U(1)X-breaking VEVs by,
Λ =
√
uv2
2
. (34)
The full contribution to the neutrino masses is finally given by the following terms:
Lneutrino mass = eijαβγL¯αL,i(LcL,j)β(〈η∗〉)γ+yNij L¯L,i〈ρ〉NR,j+y′Nij L¯L,i〈χ〉NR,j+
1
2
Mij(NR,j)cNR,j+h.c.
(35)
The neutrino masses can be written in a 9× 9 matrix form as:
Lneutrino mass = 1
2
(
(νL)c (ν ′L)c NR
) 0 2(mD)† (mN)∗2(mD)∗ 0 (m′N)∗
(mN)† (m′N)† M∗
 νLν ′L
(NR)
c
+ h.c.
≡ 1
2
(N ′)cMνN ′ + h.c., (36)
where the 3× 3 sub-matrices are:
mNij =
v1√
2
yNij , m
′N
ij =
v2√
2
yNij +
u√
2
y′Nij and m
D
ij =
v′√
2
eij i = 1, 2, 3. (37)
We next determine the pattern of FN-charges for the leptons using the experimental values
of the PMNS matrix as guidance. Once the FN-charges are known, the exact hierarchy of
the neutrino mass matrix becomes clear, and we can proceed with the block diagonalization
of the neutrino mass matrix.
6 Neutrino masses and eigenstates
The Froggatt-Nielsen charges determine the hierarchy of the fermion mass matrices. The
fermion FN-charges should be chosen so that the order of magnitude of the fermion masses
becomes right, thus the mass hierarchy is explained without fine-tuning. The FN charges
also determine the structure of the matrices that diagonalize the fermion mass matrix. This
is important as the left-handed fermion diagonalization matrices enter the two physical ob-
servables: the CKM-matrix and the PMNS-matrix. Proper choice of the left-handed fermion
FN-charges can ensure that also the hierarchy of the CKM- and PMNS-matrices are pro-
duced correctly, and no fine-tuning is required. The quark sector of our model is identical
to the one in [24, 25], where it was studied in great detail. We will therefore not consider
it here. We instead concentrate on lepton sector which differs from the model presented in
[24, 25] only by the additional neutrino singlets NR,i.
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The determining factor in our choice of leptonic FN-charges is the form of the PMNS
matrix. The current experimental values of the PMNS-matrix elements by the NuFit collab-
oration are:
|UPMNS| =
 0.797− 0.840 0.518− 0.585 0.143− 0.1560.233− 0.495 0.448− 0.679 0.639− 0.783
0.287− 0.532 0.486− 0.706 0.604− 0.754
 , (38)
where the value of each entry is given at 3σ confidence level [42].
The PMNS-matrix elements are O(1) numbers in contrast to CKM-matrix where distinct
hierarchy is present. The PMNS-matrix is given schematically by the left-handed charged
lepton diagonalization matrix U eL and the neutrino diagonalization matrix Uν as
4:
UPMNS ∼ U eLUν . (39)
The observed PMNS-hierarchy is naturally obtained, if the left-handed charged lepton ro-
tation matrix U eL and neutrino diagonalization matrix Uν , also have this anarchical texture.
This is the method we adopt here. The hierarchy of U eL and Uν depend on the FN-charges
of the left-handed leptons. The anarchical hierarchy is achieved when all the lepton families
are treated equally under the FN-symmetry. We will therefore choose from now on all the
lepton triplets to have equal FN-charges:
q(LcL,1) = q(L
c
L,2) = q(L
c
L,3) ≡ L. (40)
The FN-charges of the right-handed neutrino singlets do not affect the hierarchy of the
light-neutrinos. We will choose the FN-charge of the right-handed neutrinos to be zero for
simplicity:
q(NR,1) = q(NR,2) = q(NR,3) = 0. (41)
We can now see the order of magnitude in the neutrino mass matrix elements and proceed
with the block diagonalization of the neutrino mass matrix.
6.1 Neutrino mass matrices
The neutrino mass matrix Mν in Eq. (36) will have nine eigenvalues corresponding to nine
Majorana neutrinos. The neutrino mass matrix Mν can be written in the following notation:
Mν =
(
0 MTD
MD MR
)
, (42)
where
MTD =
(
2(mD)† (mN)∗
)
and MR =
(
0 (m′N)∗
(m′N)† M∗
)
. (43)
4The exact form of the PMNS matrix is given later in Eq. (60)
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The order of magnitude of the sub-matrices are given by
mDij ∼ vlight2L+1, mNij ∼ vlightL+1, m′Nij ∼ vheavyL and Mij ∼ vheavy, (44)
where vlight = v
′, v1 and vheavy = u, v2. Note that sub-matrices in Eq. (44) do not have an
internal hierarchy, but distinct hierarchy is present between sub-matrices MD and MR. The
entries in the sub-matrix MR are proportional to the SU(3)L×U(1)X breaking VEVs, u and
v2, whereas the entries in the sub-matrix MD are proportional to SU(2)L × U(1)Y breaking
VEVs v′ and v1. Therefore the eigenvalues of the MR are much larger than the entries in the
MD. This hierarchy is reflected in the eigenvalues of the matrix: it has three ”light” and six
heavier eigenvalues.
The elements in the heavier block MR also have different orders of magnitude: matrix
m′N is heavily suppressed compared to M by L. The eigenvalues of the heavier block will
therefore be in two distinct scales we call ”medium” and ”heavy”. Our neutrino sector is
subject to kind of ”double-seesaw”. The neutrino mass matrix Mν will have in total three
”light” eigenvalues, three ”medium” eigenvalues and three ”heavy” eigenvalues.
The neutrino mass matrix Mν can be block-diagonalized into three blocks, each corre-
sponding to these eigenvalue-types according to:
ZTW TMνWZ =
 m3×3light 03×3 03×303×3 m3×3medium 03×3
03×3 03×3 m3×3heavy
 , (45)
where unitary matrix W separates the three ”light”-neutrinos from the six heavier ones,
and unitary matrix Z further block diagonalizes the block of heavier neutrinos into block of
”medium”-mass neutrinos and ”heavy” neutrinos. The matrices W and Z are to the leading
order:
W =
(
(1− 1
2
B1B
†
1)3×3 (B1)3×6
−(B†1)6×3 (1− 12B†1B1)6×6
)
, (46)
and,
Z =
 13×3 03×3 03×303×3 (1− 12C1C†1)3×3 (C1)3×3
03×3 −(C†1)3×3 (1− 12C†1C1)3×3
 , (47)
with,
(B1)3×6 =
(
− 2(mD)T ((m′N)T )−1M(m′N)−1 + (mN)(m′N)−1 2(mD)T ((m′N)T )−1
)
3×6
=
(
(B11)3×3 (B
2
1)3×3
)
, (48)
and,
C1 = m
′NM−1. (49)
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The light, medium and heavy blocks can be written at lowest order as:
mlight = 2m
D†(m′N†)−1M∗(m′N∗)−12mD∗ − [mN∗(m′N∗)−12mD∗ + 2mD†(m′N†)−1mN†]
mmedium = m
′N∗(M∗)−1m′N†, (50)
mheavy = M
∗.
The order of magnitude of light-, medium- and heavy-neutrino masses can now be esti-
mated using Eq. (50) with Eq. (44):
mlight,ij ∼
v2light
vheavy
2L+2, mmedium,ij ∼ vheavy2L, and mheavy,ij ∼ vheavy. (51)
The light-neutrino masses are proportional to v2light/vheavy, where vlight is the electroweak scale
and vheavy is the scale of new physics, which is characteristic to the seesaw-mechanism. Addi-
tional suppression factor, 2L+2, is however present, due to the Froggatt-Nielsen mechanism.
The masses of the ”medium”-neutrinos are heavily suppressed compared to SU(3)L×U(1)X-
breaking scale, making them typically lighter than mZ/2. They are therefore subject to the
LEP bound [1]-[7] on the number of light neutrinos. However, suppression on their couplings
to Z boson make their contribution to the invisible decay with of Z boson tiny, as will be
demonstrated later for our benchmark points. The heavy neutrinos have their masses around
the SU(3)L × U(1)X-breaking scale and will therefore decouple.
6.2 Neutrino eigenstates
The neutrino mass eigenstates are obtained once the light, medium and heavy neutrino blocks
are diagonalized. The neutrino mass matrix Mν in Eq. (36) is fully diagonalized according
to:
Mdiagν = (U
TZTW T )Mν(WZU), (52)
with unitary matrix U is given by,
U =
 U3×3ν 03×3 03×303×3 U3×3n 03×3
03×3 03×3 U3×3N
 . (53)
The unitary matrices Uν , Un and UN diagonalize light, medium and heavy neutrino blocks
respectively. The Uν , Un and UN are anarchical in nature,
Uν , Un, UN ∼
 1 1 11 1 1
1 1 1
 , (54)
as the blocks mlight, mmedium and mheavy have no internal hierarchy.
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According the Eq. (52), the mass eigenstate neutrinos are:
νmass ≡
 ν3×1light,Lν3×1medium,L
ν3×1heavy,L
 = U †Z†W †N ′. (55)
The mixing between the neutrinos can be estimated with the use of FN-textures of the
neutrino Yukawa couplings as:
νL = O(1) · νlight,L +O
[
vlight
vheavy
1
]
· νmedium,L +O
[
vlight
vheavy
L+1
]
· νheavy,L,
ν ′L = O
[
vlight
vheavy
1
]
· νlight,L +O(1) · νmedium,L +O
[
L
] · νheavy,L,
(NR)
c = O
[
vlight
vheavy
L+1
]
· νlight,L +O
[
L
] · νmedium,L +O(1) · νheavy,L.
(56)
7 Neutrino coupling to charged gauge bosons and PMNS-
matrix
Our model includes additional charged gauge boson V ±µ , that mixes with the W
±
µ boson as
shown in the Section 2.3.1. The mixing between the charged gauge bosons is however tiny.
The neutrino gauge eigenstates couple to the physical charged gauge bosons as:
LgCC = g3√
2
[
ν¯L,iγ
µe′L,i cos θ + ν¯
′
L,iγ
µe′L,i sin θ
]
W+µ
+
g3√
2
[
− ν¯L,iγµe′L,i sin θ + ν¯ ′L,iγµe′L,i cos θ
]
V +µ + h.c. (57)
With the use of Eqs. (27) and (55) the coupling of W±µ to light neutrinos can be writen as,
LgCC ⊃ g3√
2
ν¯light,LU
†
ν
[(
1− 1
2
B1B
†
1
)
cos θ −B11 sin θ
]
U e†L γ
µeLW
+
µ + h.c., (58)
from which we can identify the PMNS matrix:
UPMNS = cos θU
e
LUν − U eL
[
1
2
cos θB1B
†
1 + sin θB
1†
1
]
Uν . (59)
The term proportional to cos θB1B
†
1 induces nonunitarity effects to neutrino oscillations,
which is an expected effect due to inclusion of sterile neutrinos in the model. Deviation from
the unitarity is suppressed by the factor O(v2light/v2heavy) and is significantly smaller than the
current bounds [33, 34, 35]. In any case, nonunitary mixing strength of ≥ 10−2 is ruled out.
The term proportional to sin θB†1 is similarly suppressed by a factor O(v2light/v2heavy), but
since B1 is not Hermitian, the anti-Hermitian part of it induces neutrino decay. Since the
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nonunitarity and unstability effects are both small, we shall ignore them in the remainder of
this paper.
The PMNS matrix therefore is:
UPMNS ≈ cos θU eLUν . (60)
We have chosen the vheavy & 5 TeV, which makes the mixing angle θ very small and
cos θ ≈ 0.9 ≈ 1. As stated in Eq. (54) the light-neutrino diagonalization matrix Uν is
anarchical. Since the lepton triplet FN-charges are identical also the left-handed charged
lepton diagonalization matrix U eL is without a hierarchy
5:
U eL ∼
 1 1 11 1 1
1 1 1
 . (61)
The texture for the PMNS is therefore anarchical as well,
UPMNS ∼
 1 1 11 1 1
1 1 1
 , (62)
which is compatible with the experimental measurements presented in Eq. (38). We note
here that this is the extent which Froggatt-Nielsen setting can predict the structure of PMNS-
matrix. This is in contrast to many models involving more elaborate flavour symmetries in
the neutrino sector [36, 37, 38]. As of now, the PMNS matrix is consistent with anarchical
mixing. It is up to the numerics to acquire the order-one coefficients that produce the correct
lepton masses and the PMNS-matrix within the experimental limits, which is the focus of
section 8.
8 Constraints and numerical examples
There are many important experimental constraints that have to be taken into account when
considering the neutrino sector of any model. Constraints for active neutrinos are the most
well-known and restrictive. Least model-dependent is the direct detection bound of m(νe)
from electron energy spectrum of tritium β decay [39] and data from supernova SN1987a
burst. Also, neutrinoless double beta decay experiments [40], cosmic microwave background
and growth of large scale structures in the early universe [41] all constrain the upper limits
of flavour neutrino masses, and their sum. Cosmological constraints are stricter by one
order of magnitude, but are dependent on the cosmological model. In addition, neutrino
5When charged lepton mass matrix satisfies mei,j ≤ mei+1,j , the left-handed diagonalization matrix satisfies:
(UeL)ij ∼ |q(L
c
L,i)−q(LcL,j)|.
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oscillation experiments provide neutrino mass squared differences, ∆m221 and |∆m3j|2 (with
j = 1, 2 corresponding to inverted and normal mass orderings, respectively) [42]. From these,
a lower bound for two heavier light neutrinos can be deduced, being approximately 9 meV
and 50 meV. The lightest neutrino state may be massless. Cosmological constraints are∑
mν < 0.12 eV.
The existence of medium-mass sterile neutrinos at eV and keV scale would distort the
electron energy spectrum, and different sterile neutrino mass ranges of this distortion can
be detected via unstable nuclei, such as 3H, 20F, 35S, 63Ni and 187Re. Searches for these
distortions, i.e. kink searches have discarded large mixings of electron neutrino to medium-
mass sterile neutrinos [45, 46]. We will show the constraints from kink searches to one of our
benchmark points in Fig. 1. Since the sterile neutrino masses can be at O(10) TeV, there
may be a chance to observe them at future colliders.
Our model predicts neutrinos in three different mass scales: the three sub-eV neutrinos,
three heavy, mostly right-handed neutrinos, and three neutrinos with masses between the
sub-eV and SU(3)L×U(1)X scales. The masses of the medium-scale neutrinos is determined
by the SU(3)L × U(1)X-breaking scale and in the case of vheavy ∼ 50 TeV the medium-scale
neutrino masses are around keV scale. The sub-eV neutrinos are constrained by their mass
squared differences and mixings. The keV neutrinos that our model predicts are constrained
by the LEP bound on the number of light neutrinos, ”light” here meaning neutrinos with
their masses smaller than mZ/2 [1, 2, 3, 4, 5, 6, 7]. The coupling of medium mass neutrinos to
Z-bosons is heavily suppressed by the ratio between SU(2)L×U(1)Y - and SU(3)L×U(1)X-
breaking scales and they will pass the LEP limits on the number of light neutrinos. This
becomes evident in our benchmark points.
Our model possesses the extended particle content of the 331-model. The additional
gauge bosons and scalars of our model could potentially mediate the non-standard neutrino
interactions. For example the additional charged gauge boson, V ±µ , mediates the CC-NSI
given by,
LCCNSI = −2
√
2GF 
ll′,L
αβ (ν¯light,L,αγ
µνlight,L,β)(l¯γµPLl
′). (63)
The V ±µ mediated contribution to the NSI will be heavily suppressed by its mass:
ll
′,L
αβ ∼
v2sm
m2V ±
, (64)
making it negligible as m2V ± & 5 TeV. Indeed, for our numerical benchmarks, the NSI param-
eters have magnitude O(10−13). All the new gauge bosons and scalars of our model have their
masses proportional to the SU(3)L × U(1)X-breaking scale. The non-standard interactions
mediated by charged scalars will therefore also be suppressed due to their heavy masses.
8.1 The FN-charges for the numerical example
For the numerical example we take the SU(3)L × U(1)X-breaking scale vheavy to be around
5 to 50 TeV, as for this scale the quark sector was studied in [24, 25]. We choose the values
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for the leptonic FN-charges so that the SU(3)L × U(1)X-breaking scale is fixed.
The FN-charge of the left-handed lepton triplet LL,i is determined by the light-neutrino
masses. According to Eq. (51) all the light-neutrino masses mi will be:
mi ∼
v2light
vheavy
2L+2, (65)
where the only free parameter is the FN-charge of the lepton-triplet.
Experimentally the light-neutrino masses are constrained by [42]:
m1 < 0.03eV, ∆m
2
21 = (7.39
+0.21
−0.20)× 10−5eV2, ∆m232 = (2.525+0.033−0.032)× 10−3eV2, (66)
where the neutrino mass squared differences are: ∆m2ij = m
2
i − m2j . By setting vlight to
electroweak scale and L ∼ 8 or 9, one obtains light-neutrino masses from the correct ballpark.
We will choose these values for our numerical example.
When the FN-charge of the lepton triplet is fixed, the charged lepton mass hierarchy
depends only on the FN-charges q(eR,i) of the right-handed charged leptons as is evident
from Eq. (24). The FN-charges q(eR,i) are the sole source of charged lepton mass hierarchy,
as all the left-handed lepton triplet FN-charges are identical. We choose the right-handed
charged lepton charges so that their mass matrix texture becomes:
me ∼ v′
 9 6 49 6 4
9 6 4
 . (67)
As a summary the chosen lepton FN-charges are presented in Table 3. The FN-charges
of the scalar triplets were presented in Table 1.
8.2 Numerical values for leptons
We have chosen three benchmark points BP1, BP2 and BP3, presented in Table 3. The
order-one coefficients introduced in Eq.(24) and Eq.(29) are in the interval |c| ∈ [0.5, 5] to
retain naturalness of the parameters. We choose different values for SU(3)L×U(1)X-breaking
VEVs u and v2, the SU(2)L×U(1)Y -breaking VEVs v′ and v1, and the FN charges for charged
leptons. Below we list the explicit values for the coupling matrices we used.
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Benchmark point 1.
cNη∗ =
 0 1.4094 4.9481−1.4094 0 1.5320
−4.9481 −1.5320 0
 cN =
 3.8685 −0.6004 2.56180.6590 −0.8619 2.6293
−3.3890 −4.1831 4.2469

c
′N =
 2.5272 3.2832 2.5651−1.9815 2.3937 2.6579
−4.0777 4.7926 −2.0345
 cM =
 4.0703 2.3618 1.37612.3618 −1.1174 −4.4777
1.3761 −4.4777 −2.4131

ce =
 1.9737 −3.6284 −3.0577−0.5178 −3.1689 −2.0976
−0.9467 3.1251 −0.9093

Benchmark point 2.
cNη∗ =
 0 0.5925 4.0397−0.5925 0 2.1615
−4.0397 −2.1615 0
 cN =
 3.7356 0.5776 2.94850.7189 −1.0852 2.5412
−2.7567 −4.5597 4.1934

c
′N =
 1.9602 2.6081 2.5080−1.2359 2.2310 2.2478
−3.8536 4.9354 −1.6207
 cM =
 3.5467 2.1954 1.48492.1954 −1.4909 −4.3984
1.4849 −4.3984 −2.2496

ce =
 2.0244 −2.9615 −3.5841−1.0302 −2.3998 −2.0283
−0.7233 3.7798 −1.9120

Benchmark point 3.
cNη∗ =
 0 0.5895 3.9465−0.5895 0 0.9458
−3.9465 −0.9458 0
 cN =
 4.1153 0.8997 2.93682.2043 −0.8334 2.5020
−3.0836 −5.5515 2.9194

c
′N =
 2.2974 2.0679 2.9933−1.0943 2.9374 2.8085
−3.4876 −4.4642 −2.5686
 cM =
 3.8909 2.2159 0.93592.2159 −1.9036 −4.8469
0.9359 −4.8469 −1.4887

ce =
 1.7100 −3.6980 −3.5955−1.4881 −1.4440 −2.4440
−1.0623 4.2253 −0.7735

See Table 4 for the resulting neutrino masses, mass squared differences and effective
strengths of nonunitary and nonstandard interactions, as well as the V ±µ —W
±
µ mixing angle.
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Benchmarks BP1 BP2 BP3
v′ (GeV) 237.05
197.5999 204.117
v1 (GeV) 100
u (TeV) 48 21 5
v2 (TeV) 55 19 5.5
q(Lcα) 8 9
q(eR) 2 1
q(µR) −1 −2
q(τR) −3 −4
Table 3: The numerical values of vacuum expectation values and FN charge assignments of
leptons for our benchmarks.
Benchmarks BP1 BP2 BP3 Experimental values
Nonunitary strength ∼ 10−5 ∼ 10−4 ∼ 10−3 . 0.01
NSI strength
m1 (meV) 0.0234 1.85 1.49 . 55
m2 (meV) 8.59 8.93 8.60
m3 (meV) 51.2 51.1 50.4 . 60
m1 +m2 +m3 (meV) 59.8 61.9 60.5 < 120
∆m221 (10
−5 eV2) 7.39 7.64 7.18 6.79 — 8.01
|∆m232| (10−3 eV2) 2.62 2.61 2.54 2.412 — 2.625
m4 (keV) 1.36 0.387 0.0118
Unknown
m5 (keV) 4.99 2.03 0.0187
m6 (keV) 12.8 5.42 0.0351
m7 (TeV) 184 69.3 21.1
m8 (TeV) 380 129 37.0
m9 (TeV) 523 204 54.2
V ±µ — W
±
µ mixing |θ| 0.0010 0.0047 0.020 . 0.01 — 0.04
Table 4: The computed values of neutrino masses, effective neutrino interaction strength
and V ±µ —W
±
µ mixing for our benchmarks.
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From the Figures 1 and 2 it is apparent that next-generation neutrino oscillation exper-
iments measuring νµ disappearance or neutrinoless double beta decay (0νββ) experiments
have a moderate possibility of supporting our model at BP3, since the present experimental
limits are only approximately one degree of magnitude weaker. Of our three benchmark
points, BP3 has the greatest prospect of being detected in future, since the sterile component
of νe has a disapprearance effect
6∑
j=4
|Uej|2 ∼ 10−3 and similarly the expected νµ disappear-
ance should be
6∑
j=4
|Uµj|2 ∼ 10−4. For BP1 and BP2 the disappearance effect is smaller by
a factor of O(100) and O(10), respectively. The medium-mass neutrinos lie on the eV-scale.
Nonetheless, they are too heavy to account for the MiniBooNe anomaly [43]. We calculated
the active-medium neutrino mixing matrices and have illustrated them at constraint plots.
Figure 1 shows the constraints from 0νββ experiments [44, 45] and kink searches in single
beta decay energy spectra of various unstable radioactive isotopes [45] for BP3. We have
also included the expected sensitivity of KATRIN experiment after three-year run. Figure
2 shows the constraints from muon neutrino disappearance experiments [46] and the Mini-
BooNe anomally for BP3.
Figure 1: Constraints for the matrix element absolute values squared describing the
strength of mixing of electron neutrino and medium-massive neutrinos, Uej. Mass is in GeV
units. Black dots denote the corresponding values for BP3.
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Figure 2: Same as Fig. 1, but for mixing of muon neutrinos.
9 Conclusion
The FN331-model is based on SU(3)c × SU(3)L × U(1)X gauge symmetry and economi-
cally incorporates the Froggatt-Nielsen mechanism into it, thus simultaneously explaining
the number of fermion families and the mass hierarchy of charged fermions. In this work
we extended the FN331-model with three right-handed neutrino singlets. This allowed for
tree-level masses for all of the neutrinos, which the original FN331-model was lacking. The
neutrino masses and mixings in this model are naturally explained by utilizing a combination
of the seesaw and FN mechanisms. The light-neutrino masses acquire additional suppres-
sion due to the FN mechanism, allowing the Majorana mass scale to be quite low, around
few TeV. This allows for the possible collider searches of the heavy neutrinos in the future
colliders. The mixing of the neutrinos, represented by the PMNS-matrix, is also explained
without fine-tuning since the FN mechanism can enforce the correct texture for the lepton
mass matrices. As a summary the model presented here offers an explanation for the whole
fermion sector: it explains the number of fermion families and the mass hierarchy of all of the
fermions, thus solving the flavour problem while fulfilling all the experimental constraints.
Acknowledgements. The authors acknowledge the H2020-MSCA-RICE-2014 grant no.
645722 (NonMinimalHiggs). NK is supported by Vilho, Yrjo¨ and Kalle Va¨isa¨la¨ Foundation.
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A Scalar mass matrices
A.1 CP-even scalars
The CP-even scalar mass term is
L ⊃ 1
2
HTM2cp−evenH,
where HT = (h1, h2, h3, h4, h5) and
M2cp−even =

2λ1v
′2 + f v1u
v′ λ12v
′v1 − fu fv2 λ12v′v2 λ13v′u− fv1
λ12v
′v1 − fu 2λ2v12 + f v′uv1 12 λ˜23v2u+ b 2λ2v1v2 λ23v1u− fv′
fv2
1
2
λ˜23v2u+ b −12 λ˜23v22 − b (v
2
1+v
2
2)
v2u
−bv1
v2
1
2
λ˜23v1v2
λ12v
′v2 2λ2v1v2 −bv1v2 2λ2v22 − b uv2 (λ23 + λ˜23)v2u+ b
λ13v
′u− fv1 λ23v1u− fv′ 12 λ˜23v1v2 (λ23 + λ˜23)v2u+ b 2λ3u2 + f v
′v1
u
− bv2
u
 .
A.2 CP-odd scalars
The CP-odd scalar mass term is
L ⊃ 1
2
ATM2cp−oddA,
where AT = (ξ1, ξ2, ξ3, ξ4, ξ5) and
M2cp−odd =

f v1u
v′ fu 0 −fv2 fv1
fu f v
′u
v1
0 1
2
λ˜23v2u+ b fv
′
0 0 −b u
v2
bv1
v2
b
−fv2 12 λ˜23v2u+ b bv1v2 −12 λ˜23v22 − b
(v21+v
2
2)
v2u
1
2
λ23v1v2
fv1 fv
′ b 1
2
λ23v1v2 f
v′v1
u
− bv2
u
 .
A.3 Charged scalars
The charged scalar mass term is
L ⊃ CTM2charged scalarC,
where CT = (η′+, η+, ρ+, χ+) and
M2charged scalar =

f v1u
v′ +
1
2
λ˜12v
2
2 +
1
2
λ˜13u
2 1
2
λ˜12v1v2
1
2
λ˜12v
′v2 12 λ˜13v
′u+ fv1
1
2
λ˜12v1v2 f
v1u
v′ +
1
2
λ˜12v
2
1
1
2
λ˜12v
′v1 + fu −fv2
1
2
λ˜12v
′v2 12 λ˜12v
′v1 + fu f v
′u
v1
+ 1
2
λ˜12v
′2 1
2
λ˜23v2u+ b
1
2
λ˜13v
′u+ fv1 −fv2 12 λ˜23v2u+ b f v
′v1
u
− 1
2
λ˜23v
2
2 +
1
2
λ˜13v
′2 − bv2
u
 .
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B Neutral gauge boson masses
There are five neutral gauge bosons: W3µ, Wµ, Bµ, W4µ and W5µ. The imaginary part of X
′0
µ
decouples from the other neutral gauge bosons and acquires a mass:
M2W5 =
g23
4
(v21 + v
2
2 + u
2). (68)
The rest of the neutral gauge bosons mix,
L ⊃ 1
2
XTM2neutralX, (69)
where the basis is XT = (W3µ,W8µ, Bµ,W4µ) and
M2neutral =
g23
4

v′2 + v21
v21−v′2√
3
−2gx
3g3
(v21 + 2v
′2) v1v2
v21−v′2√
3
(v′2+v21+4(v
2
2+u
2
2))
3
(−v21+2(v22+u22+v′2))(
3
√
3g3
2gx
) −v1v2√
3
−2gx
3g3
(v21 + 2v
′2) (−v
2
1+2(v
2
2+u
2
2+v
′2))
(
3
√
3g3
2gx
)
(v21+v
2
2+u
2
2+4v
′2)
(
9g23
4g2x
)
−4gx
3g3
(v1v2)
v1v2 −v1v2√3 −4gx3g3 (v1v2) v21 + v22 + u22

.
The eigenvalues of this matrix can be solved analytically and they are
m2γ = 0,
m2
W˜4
=
g23
4
(u2 + v22 + v
2
1),
m2Z =
g23
4
(
3g23 + 4g
2
x
3g23 + g
2
x
)(
v′2 +
v21u
2
v22 + u
2
)
+O
(
v2light
v2heavy
)
,
m2Z′ =
3g23 + g
2
x
9
(v22 + u
2) +O
(
v2light
v2heavy
)
.
One notices that one of the eigenvalues is exactly the same as that of the imaginary part of
the non-hermitian gauge boson. We can therefore identify the combination
X0µ =
1√
2
(W4µ − iW5µ) (70)
as the physical neutral non-hermitean gauge boson.
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